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Abstract—The paper deals with state estimation of nonlinear
dynamic stochastic systems with a special focus on advanced
unscented Kalman filter algorithms. Two algorithms are consid-
ered: the adaptive unscented Kalman filter and the randomized
unscented Kalman filter. Both algorithms construct one or several
σ -points set used for an approximation of the conditional state
moments. While the adaptive algorithm obtains a σ -point set by
optimization of a criterion, the randomized algorithm constructs
several sets randomly. In the paper, both algorithms are com-
pared and a recommendation for an application of the algorithms
is provided. The algorithms are illustrated in a bearings-only
target tracking example.
Keywords: State estimation; Estimation theory; Nonlinear
filters; Kalman filtering; unscented Kalman filter.

I. INTRODUCTION

State estimation of dynamic stochastic systems is of key
importance in many applications such as target tracking [1],
[2], surveillance, navigation, change detection and optimal
control but also for applications in biomedicine, meteorology,
ecology, etc.

The system state characterizes current conditions of a
system and is usually not directly measurable. The system
behavior is described by a stochastic dynamic discrete-time
model consisting of a stochastic difference equation governing
time evolution of the state and by a stochastic equation
representing a relation between the state and the measurement.

Due to the stochastic nature of a system, the state estimate
is given in a form of a conditional probability density function
(PDF) of the state conditioned by the measurement. The
conditional PDF is a complete solution to the estimation
problem as it contains all statistical information given by the
available measurements and initial conditions [3]. Calculation
of the conditional PDF for nonlinear or non-Gaussian models
is an intricate functional problem [4] and approximate methods
might be used such as the particle filter (PF) providing the
conditional PDF in the form of an empirical PDF.

In many practical tasks the conditional PDF is not required
and a point estimate of the state is sought. The point estimate
is usually in the form of a conditional mean of the state
conditioned by the available measurements.

In cases for point estimation it is therefore possible to
significantly simplify the general functional-domain state es-
timation problem, which computes the state PDF by the

Bayesian recursive relations (BRRs), to a parametric-domain
state estimation problem. The simple problem consists of
computing moments or parameters of the state estimate and is
usually formulated as an optimization problem.

Despite of the simplification, the point estimate is still hard
to find analytically, except for a few special cases. A notable
special case is a linear model for which the conditional mean
is produced by the Kalman filter (KF). Otherwise, an approx-
imate solution must be used. Often the approximate solution
stems from an imposed linear structure of the estimator with
respect to the measurement. The approximate estimation meth-
ods of the linear structure are denoted as Gaussian filter1 (GF).
The GF requires calculation of predictive moments (mean and
covariance matrix) of the state and measurement. For nonlinear
models, these statistics must usually be approximated.

The approximate statistics obtained by approximating the
nonlinear functions of the model result in the extended Kalman
filter (EKF) (approximation of the nonlinear functions by
the Taylor series expansion) [6], divided difference filters
(DDFs) (approximation of the nonlinear function by the Stir-
ling polynomial interpolation) [7], and the Fourier Hermite
filter (approximation of the nonlinear functions by the Fourier-
Hermite series) [8]. Another way of obtaining the approximate
predictive statistics of the state and measurement is to utilize a
small set of weighted points, called σ -points, which are specif-
ically positioned. Such a small set is used by the unscented
transform (UT), which is a heart of the unscented Kalman filter
(UKF) [9]. Also, it is possible to use another set of points of
quadrature or cubature integration rules which results in the
quadrature Kalman filter [5], cubature Kalman filter [10] or
the stochastic integration filter [11].

Positioning the σ -points in the UKF is considerably affected
by two design parameters that are defined by the user: i)
the scaling parameter (SP) affecting scatter of the σ -points
and ii) the covariance matrix (CM) decomposition affecting
orientation of the whole set in the state space. Recently,
an adaptive UKF has been proposed [12] adapting the SP
to achieve higher estimate accuracy and an idea to change
the CM decomposition using a rotation matrix for the same

1The term Gaussian filter refers to the fact that the algorithm may be derived
under assumption of the conditional state PDF having Gaussian distribution
[5]



quality enhancement purposes as is given in [13]. In fact, the
adaptation of the SP and the rotation matrix can be performed
simultaneously to achieve even higher estimate quality [13].
The UKF adapting both design parameters will be hereinafter
denoted as adaptive UKF (AUKF).

In [14], a randomized UKF (RUKF) has been proposed
based on a stochastic integration rule of third degree. It was
shown that the UKF with a standard set of σ -points is a special
case of the RUKF when using only a single iteration and a
fixed value of certain parameters [14]. Note that the RUKF
was further generalized to the stochastic integration filter [11]
using integration rules of arbitrary degree.

The goal of the paper is to analyze the σ -point sets used
by the AUKF and the RUKF algorithms and compare them. It
will be shown that the AUKF behavior is rather selective while
the behavior of the RUKF is rather cautious. This behavior
determines suitability of the AUKF and RUKF for different
applications. This suitability will be first analyzed theoretically
and then illustrated in a numerical example concerning target
tracking.

The paper is organized as follows, Section II deals with
model specification, state estimation problem formulation and
the UKF algorithm. The considered UKF algorithms, more
specifically the AUKF and the RUKF are introduced in
Section III. Their analysis and comparison is a subject of
Section IV and application of the algorithms in a target
tracking problem is illustrated in Section V. The concluding
remarks are drawn in Section VI.

II. STATE ESTIMATION AND UNSCENTED KALMAN FILTER

A. System definition

Let the discrete-time nonlinear stochastic system be consid-
ered

xk+1 = fk(xk)+ wk, k = 0, 1, 2, . . . , (1)
zk = hk(xk)+ vk, k = 0, 1, 2, . . . , (2)

where the vectors xk ∈ Rnx and zk ∈ Rnz represent the
immeasurable state of the system and measurement at time
instant k, respectively, fk : Rnx → Rnx and hk : Rnx → Rnz

are known vector functions, and wk ∈ Rnx , vk ∈ Rnz are
the state and measurement white noises. The PDFs of the
noises are supposed to be Gaussian with zero means and
known CMs 6w

k and 6v
k , i.e. pwk (wk) = N {wk; 0nx×1, 6

w
k }

and pvk (vk) = N {vk; 0nz×1, 6
v
k }, respectively, where 0a×b

denotes an a × b matrix of zeros. The PDF of the initial
state is supposed to be Gaussian and known as well, i.e.
px0(x0) = N {x0; x̂0,P0}. The initial state is independent of
the noises.

B. State estimation by GF

The state estimate minimizing the mean squared error
is the conditional mean x̂k|k = E[xk |zk

], where zk
=

[zT
0 , zT

1 , . . . , zT
k ]

T. However, obtaining a closed form of the
estimate for a general nonlinear model is usually impossible.
Hence, an approximation of the estimate is sought. A tradi-
tional approach to approximate the conditional state mean is

to approximate the filtering PDF p(xk |zk) and the predictive
PDF p(xk |zk−1) of the state by Gaussian PDFs and consider
the state xk and the measurement zk to be jointly Gaussian.
Such considerations lead to the GF which algorithm can be
written in the following form:

Algorithm 1: Gaussian filter

Step 1: (initialization) Set the time instant k = 0 and define
a priori initial condition by its first two moments

x̂0|−1 , E[x0] = x̂0, (3)

P0|−1 , E[(x0 − x̂0|−1)(x0 − x̂0|−1)
T
] = P0. (4)

Step 2: (filtering, measurement update, correction) The filter-
ing mean x̂k|k and CM Pk|k are computed by means of

x̂k|k = x̂k|k−1 +Kk(zk − ẑk|k−1), (5)

Pk|k = Pk|k−1 −KkPzz
k|k−1KT

k , (6)

where
Kk = Pxz

k|k−1(P
zz
k|k−1)

−1 (7)

is the filter gain and the measurement prediction ẑk|k−1 is given
by

ẑk|k−1 = E[zk |zk−1
]. (8)

The predictive CMs Pxz
k|k−1 and Pzz

k|k−1 are computed as

Pzz
k|k−1 = E[(zk − ẑk|k−1)(zk − ẑk|k−1)

T
|zk−1
]

= E[(hk(xk)− ẑk|k−1)×

(hk(xk)− ẑk|k−1)
T
|zk−1
] +6v

k , (9)

Pxz
k|k−1 = E[(xk − x̂k|k−1)(zk − ẑk|k−1)

T
|zk−1
]. (10)

Step 3: (prediction, time update) The predictive mean x̂k+1|k
and CM Pk+1|k are given by

x̂k+1|k = E[xk+1|zk
] = E[fk(xk)|zk

], (11)
Pk+1|k = E[(fk(xk)− x̂k+1|k)

(fk(xk)− x̂k+1|k)
T
|zk
] +6w

k . (12)

Let k = k + 1. The algorithm then continues by Step 2.

As can be seen, the GF provides only a point estimate of
the state together with a measure of its accuracy given by the
conditional CM Pk|k = cov[xk |zk

].
Despite having the linear structure, the GF requires cal-

culation of the measurement predictive statistics (8–10) and
state predictive statistics (11,12), which can be evaluated
analytically in only a few special cases. These cases include
linear functions fk and hk . In other cases, an approximate
calculation of the statistics has to be applied.

The filters such as the EKF [6], the DDFs [7], and the
Fourier-Hermite filter [8] calculate the statistics by approxi-
mating the nonlinear functions fk and hk in the system model.
Filters such as the UKF [9], the quadrature Kalman filter [5],



the cubature Kalman filter [10] or the stochastic integration
filter [11] calculate the statistics by utilizing a set of σ -points.

The UKF utilizes the UT for the predictive state and
measurement statistics calculation. The UT will be illustrated
in an example of approximate computation of the mean,
covariance and cross-covariance matrices of a transformed
random variable y = g(x) under the assumption of the function
g(·) being known and known mean x̂ = E[x] and CM
Pxx
= cov[x] of x.

First, the UT creates a set of σ -points {Xi }
2nx
i=0 with appro-

priate weights {Wi }
2nx
i=0 according to

X0 = x̂, W0 =
κ

nx + κ
, (13)

Xj = x̂+
√
(nx + κ)(

√
Pxx )j , Wj =

1
2(nx + κ)

, (14)

Xnx+ j = x̂−
√
(nx + κ)(

√
Pxx )j , Wnx+ j = Wj , (15)

where j = 1, . . . , nx , the term (
√

Pxx )j is the j-th column
of the matrix

√
Pxx which is a decomposition of Pxx such

that
√

Pxx [
√

Pxx ]T = Pxx , and variable κ is the SP. The
decomposition can be calculated for example by the Cholesky
decomposition or the singular value decomposition (SVD)
[15].

To get approximate characteristic of y, each point is trans-
formed via the nonlinear function

Yi = g(Xi ),∀i. (16)

Resulting UT-based characteristics2 are given by

ŷ =
2nx∑
i=0

WiYi , (17)

Pyy
=

2nx∑
i=0

Wi (Yi − ŷ)(Yi − ŷ)T , (18)

Pxy
=

2nx∑
i=0

Wi (Xi − x̂)(Yi − ŷ)T . (19)

Several UT versions have been proposed, e.g., higher order,
simplified, scaled [9], orthogonally transformed [17], or the
smart sampling [16], differing in the σ -point set specification.
The GF given by Algorithm 1 with the predictive statistics of
the measurement (8–10) and predictive statistics of the state
(11,12) calculated by the UT algorithm (17–19) represents the
UKF algorithm.

All the UT versions share a property that the created σ -point
set {Xi }

N
i=0 with appropriate weights ensures

x̂ =
N∑

i=0

WiXi , (20)

Pxx
=

N∑
i=0

Wi (Xi − x̂)(Xi − x̂)T , (21)

2The characteristics are generally approximate. Exact values are obtained
for a few special functions g(·) only, e.g., for a linear one.

where N is the number of σ -points. The cardinality of the set
differs between various UT versions.

Most frequently, the UT technique specifies the σ -point
set according to (13-15). This specification has two design
parameters: i) the SP κ governing the scatter of the σ -points
and ii) the CM decomposition

√
Pxx . The CM decomposition

affects the position of the whole set in the state space [18].

III. ADVANCED UNSCENTED KALMAN FILTER
ALGORITHMS

As shown in Section II, the UKF algorithm (irrespectively
of the UT version) depends on two different types of design
parameters; one affecting the spread of the σ -points, the
second influencing the σ -point set rotation in the state space.

The design parameters are specified either prior to the
estimation itself (based on the space dimension and the pre-
ferred CM decomposition) or during the estimation process.
The latter approach usually results in different values of the
parameters not only across a time instant but also across the
filtering and predictive steps. This approach enables estimation
performance tuning at the cost of higher computational costs.
Two advanced UKF algorithms representing the approach are
introduced below.

A. Adaptive Unscented Kalman Filter

In [12] the adaptive UKF algorithm has been proposed
enhancing estimate quality of the UKF by adapting the SP.
The proposed algorithm has been further elaborated by con-
sidering different optimization criteria [14] and by introducing
a control mechanism to enable adaptation only in cases when
its contribution could be significant [19].

In [18] and [13] the role of the CM decomposition was
studied and an algorithm to adapt the decomposition by
introducing a rotation matrix. Suppose, a rotation matrix
C ∈ Rnx×nX is given3. Then,

√
Pxx =

√
Pxx C is also a

decomposition of the CM Pxx as
√

Pxx [
√

Pxx ]T = [
√

Pxx C][
√

Pxx C]T

=
√

Pxx C[C]T[
√

Pxx ]T =
√

Pxx Inx [
√

Pxx ]T = Pxx . (22)

Hence, according to (22) it is possible to have an infinite
number of decompositions of a CM, which differ in the
rotation matrix. By looking at (13-15) it can be seen that the
rotation matrix rotates the whole σ -point set in the state space
around the central σ -point X0.

Combining the SP adaptation and rotation matrix adaptation
leads to the AUKF. In addition to the UKF algorithm specified
above, the AUKF algorithm adds an adaptation step immedi-
ately before the filtering step 2 which computes an optimal
value κ∗k of the SP and an optimal value C∗k of the rotation
matrix used in the CM decomposition.

The optimization can be specified as

[κ∗k ,C∗k ] = arg min
κk ,Ck

J (κk,Ck, zk), (23)

3For a rotation matrix C it holds that C[C]T = Inx , where In denotes an
identity matrix of indicated dimension.



where for the optimization purposes, the rotation matrix
Ck is specified using rotation angles. The rotation matrix
computation of arbitrary dimension is discussed e.g., in
[20]. Generally, a rotation matrix of dimension nx , Cnx ,
requires specification of nx (nx − 1)/2 rotation angles, i.e.,
θ = [θ1, . . . , θnx (nx−1)/2]

T . In fact the optimization in (23) is
accomplished over the space of the SP (usually specified using
an interval [19]) and over the space of angles.

The above facts indicate that higher dimensional mod-
els the optimization is performed over a high dimensional
( nx (nx−1)

2 + 1) space and is time consuming. However, as
the user-defined parameter adaptation is accomplished for the
filtering step of the AUKF algorithm, the angles of the rotation
matrix should correspond only to the states that immediately
affect the cost function. For some cost functions these are
the states affecting the measurement zk . The reason is that
only these states are used (through the σ -points) to obtain
predictive statistics of the measurement and an optimization
over the angles corresponding to the directly immeasurable
states does not provide significant benefits.

The cost function J (·) in (23) can be, for example, given
by

J (κk,Ck, zk) = pxk |zk (x̂k|k(κk,Ck)|zk
; κk,Ck), (24)

where

pxk |zk (xk |zk
; κk,Ck) =p(zk |xk)p(xk |zk−1)(

p(zk |zk−1
; κk,Ck)

)−1
.

The term x̂k|k(κk,Ck) is given by (5), where the time index
was added to indicate that the values of the design parameters
change at each time instant and the rotation matrix Ck acts
upon the CM decomposition.

The choice (24) of the criterion corresponds to maximizing
posterior probability of the filtering state estimate x̂k|k(κk,Ck).
Note that in [21] other criteria have been proposed for the
SP optimization purposes and hence can also be used for
simultaneous optimization of the SP and rotation in the CM
decomposition.

In most cases, it is not possible to find a closed-form
solution to the optimization (23); hence it is necessary to
use a numerical technique such as “grid method” or “adaptive
random search maximization method” [22].

Note that the AUKF algorithm adapts the design parameters
for the filtering step only. The reason is that optimizing
the parameters for the predictive step is more complicated
because there is no suitable additional information ready to be
exploited in the optimization, as is the current measurement
for the filtering step.

Hence, the AUKF will utilize the adaptation procedure in
the filtering step only and for the prediction step a standard
choice of the design parameters (κ = max(3 − nx , 0) and
C = Inx ) is considered.

B. Randomized Unscented Kalman Filter

The RUKF algorithm belongs to the GF formulation given
by Algorithm 1 with the predictive statistics of the mea-
surement (8–10) and predictive statistics of the state (11,12)
calculated by the randomized UT (RUT).

The RUT introduced in [14] is based on a degree-3 stochas-
tic integration rule (SIR3) proposed in [23] and [24]. The SIR3
aims at evaluating an integral of the form

µ =

∫
Rnx

ϕ(x)(2π)−nx/2e−
1
2 (x−x̂)T P−1(x−x̂)dx, (25)

where ϕ(·) is an arbitrary function. Relation (25) can be inter-
preted as a computation of an expected value of the function
ϕ(x) where x is a random variable with p(x) = N {x; x̂,Pxx

},
i.e. µ = E[ϕ(x)]. An algorithm of the SIR3 evaluating (25)
is given as follows:

Algorithm 2: Degree 3 stochastic integration rule

Step 1: Choose an error tolerance ε a maximum number of
iterations Nmax .
Step 2: Set the number of iterations N = 0 and initial value
of the integral µ̃ = 0nx×1 and calculate a decomposition

√
Pxx

of Pxx .
Step 3: Repeat (until N = Nmax ) the following loop:

a) Set N = N + 1.
b) Generate a uniformly random orthogonal matrix Q of

dimension nx × nx and generate a random number ρ
according to ρ ∼ Chi(nx + 2).

c) Compute a set of points χi and appropriate weights
ωi according to

χ0 = x̂, ω0 = 1− nx
ρ2 ,

χi = x̂− ρQ(
√

Pxx )i , ωi =
1

2ρ2 , (26)

χnx+i = x̂+ ρQ(
√

Pxx )i , ωnx+i = ωi , (27)

where i = 1, 2, . . . , nx .
d) Compute the value S of the integral at current itera-

tion

S =
2nx∑
i=0

ωiϕ(χi ), (28)

and use it to update the approximate value µ̃ of the
integral as

D = (S− µ̃)/N , (29)
µ̃ = µ̃+ D, . (30)

Step 4: The approximate value of the integral µ is µ̃.

The SIR3 can be thought of as a combination of a cuba-
ture rule and Monte Carlo method. Contrary to the UT, the
SIR3 provides asymptotically exact estimates of integral, i.e.
E[µ̃] = µ [23]. The SIR3 consists of a spherical integration
rule, which generates a set of 2nx points located on a unit
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Figure 1. Illustration of the σ -point set selection in the AUKF.

nx -sphere, and a radial integration rule, which governs spread
of the points within the Rnx . In [14], it was shown that the
location of points generated by the UT matches location of
points generated by the SIR3 when choosing a trivial orthog-
onal matrix Q = Inx and the parameter ρ as ρ2

= κ + nx .
This fact leads to coining the term randomized UT in [14] for
the SIR3 used to estimate moments of a random variable.

IV. COMPARISON OF THE ADAPTIVE AND RANDOMIZED
ALGORITHMS

Now, the filtering steps of the AUKF and RUKF algorithms
will be analyzed and compared. The prediction steps of the
algorithms will be left out of the comparison as the AUKF does
not adapt the design parameters in the prediction steps and uses
the standard choice of the parameters (hence its prediction step
is identical to that of the UKF).

When using the “grid methods” for optimization, the AUKF
selects a SP and a rotation matrix from a predefined set of
values, which minimize criterion (23). This fact is illustrated
in a 2D case in Figure 1 where the σ -point sets for all SP
and CM decomposition values comprising the grid used for
optimization are depicted with indication which σ -point set
corresponds to the optimal values of the SP and the CM
decomposition.

The RUKF, on the other hand, uses a number of σ -point sets
over which the values of the predictive measurement statistics
are averaged. An illustration of 100 σ -point sets used by the
RUKF algorithm is depicted in Figure 2. The size of the
grid used in the AUKF is determined by the minimum and
maximum SP values considered. The minimum value of the
SP is usually set to zero to ensure positive definiteness of
the CM. In [19], a recommendation of the maximum value of
the SP was proposed based on specification of a probability
that a random variable x lies within a region determined by a
maximum SP κmax. For Gaussian distribution of x the relation
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Figure 2. Illustration of the σ -point sets used by the RUKF.

for κmax is

P∗ = 21−nx /2

0(nx/2)

∫ √nx+κmax

0
e−r2/2rnx−1dr. (31)

Hence, the term
√

nx + κmax is a P∗ quantile of the chi
distribution with nx degrees of freedom. The very distribution
describes the parameter ρ of the RUKF and, thus, it can be
said, that the region covered by the grid used in the AUKF
corresponds to the region covered by the RUKF σ -points with
probability P∗.

From Figures 1 and 2 it follows that both the AUKF and
the RUKF construct a number of σ -points sets which are
further used to calculate measurement predictive statistics. The
behavior of the AUKF is rather selective as out of these sets
only a single set belonging to the optimal value of the SP
and optimal rotation matrix is chosen for the actual statistics
calculation. The RUKF then exhibits rather a cautious behavior
as it calculates the statistics by averaging over all the sets.

The behavior of the algorithms indicates that the RUKF with
its cautiousness should be preferred in cases of low signal-to-
noise ratio (SNR) or of severe nonlinearities of the model. The
AUKF may in such cases select a σ -point set which will, in
the end, result in a low estimation quality than the RUKF or
even a divergent behavior due to a measurement affected by
an extreme value of the measurement noise. The AUKF with
its selectivity, on the other hand, should be preferred in cases
of high SNR and better fidelity of the system model, where
it may profit from having an accurate measurement and select
the most appropriate σ -point set. These recommendations will
be illustrated in the example in the next section.

V. NUMERICAL ILLUSTRATION

Suppose the following bearings-only tracking problem [2]
is given. The object follows the continuous white noise accel-
eration motion model [1]. The state of the object is defined
as xk = [x1,k, x2,k, x3,k, x4,k]

T
= [xk,yk, ẋk, ẏk]

T (i.e.,
it consists of the positions and velocities in the x and y



directions and thus its dimension is nx = 4) which evolves
as

xk+1 = Fxk +Gwk, (32)

with

F =


1 0 T 0
0 1 0 T
0 0 1 0
0 0 0 1

 , G =


0.5T 2 0

0 0.5T 2

T 0
0 T

 ,
where T = 1 min is the sampling interval and wk is the
Gaussian zero-mean state noise with covariance matrix 6wk =
1.6 × 10−6 I2[km2/min4

]. The object is observed from a
platform, which provides the measurement zk at time k given
by the angle from the platform to the object (the angles are
referenced clockwise positive to the y axis). Suppose that at
time k the platform is located at coordinates [xp

k ,y
p
k ] and the

measurement zk is given by

zk = arctan
xk − x

p
k

yk − y
p
k
+ vk, (33)

where the variance of the measurement noise is 6vk = (1.5
◦)2.

In this example [2] the target follows a course of −140◦

starting 5 km away from the platform at a constant speed of
4 knots. The platform follows a course of 140◦ at a constant
speed of 5 knots and at k = 15 executes a maneuver to reach
a new course of 18◦. The initial position of the platform is
[0 km, 0 km].

Two sets of initial values for the object motion were used.
• The first set, deterministic initial values (DIVs), were

set for position as [5, 1][km] and for velocity as
7.408 · [sin(−140◦), cos(−140◦)] [km/min].

• The second set, stochastic initial values (SIVs), were set
similarly to the DIVs with range and speed corrupted
by noises with standard deviations σrange = 2 [km] and
σspeed = 2 [knots].

The model was simulated for 40 minutes and the geometry
of the motion is depicted in Figure 3. In total, M = 104
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Figure 3. Motion of the object and platform.

Monte Carlo (MC) simulations were carried out. The posi-
tion and velocity of the target were estimated by the UKF
(with κ = 0), AUKF, and RUKF. Although the state is 4-
dimensional, only states x1,k and x2,k are directly measured
by zk . Hence, the rotation matrix for the AUKF Ck is given
by Ck =

[
R(θ) 0

0 I2

]
where R(θ) =

[
cos(θ) − sin(θ)
sin(θ) cos(θ)

]
. The

adaptation within the AUKF was carried over a grid of 7 SP
values (κk ∈ {0 : 14

6 : 14}) and a grid of 7 rotation angles
(θ ∈ {0 : 20◦ : 160◦}). The RUKF used 49 iterations of the
SIR3 algorithm, hence in total the numbers of σ -point sets for
the AUKF and the RUKF were equal.

The reason for choosing such model with linear state
dynamics and nonlinear measurement was an elimination of
the consequence of the AUKF using a standard set of design
parameters in the prediction step. Due to the linearity of the
dynamics, the prediction steps of the considered filters are
equal.

The filters were initialized according to [2] with parameters
for bearing, range, course, and speed given as

• µbearing = z0, σbearing =
√
6v ,

• µrange =
√

52 + 12, σrange = 2,
• µcourse = z0 + 180◦, σcourse = π/

√
12, and

• µspeed = 4, σspeed = 2, respectively.

Consequently these values were transformed to the Cartesian
coordinate system to obtain x̂0|0 and P0|0 as was described in
[2]. Note that due to such initialization the filters started with
predictive steps.

Considering the DIVs proposed in [2], one can observe that
the filters are initialized with µrange = and µspeed being equal
to the true range and true speed, respectively. This seems to
be unrealistic, hence the SIVs set was additionally considered
in this example, where the true range and speed are randomly
generated from Gaussian distribution with parameters corre-
sponding to the filter initial conditions.

The filter results were compared using the following mea-
sures:

• Root Mean Square Error (RMSE) defined as

RMSEx,k =

√√√√ 1
M

M∑
i=1

(x̂i
k − xi

k)
2

for the position error in x direction and analogically in
the y direction. The terms (xi

k,y
i
k) and (x̂i

k, ŷ
i
k) denote

true and estimated target positions at the i-th MC run.
• Non-credibility index (NCI) defined as

NCIk =
1
M

M∑
i=1

[
10 log10

(
(xi

k − x̂i
k|k)

T(Pi
k|k)
−1(xi

k − x̂i
k|k)

)
− 10 log10

(
(xi

k − x̂i
k|k)

T6−1
k (xi

k − x̂i
k|k)

) ]
,

where Pi
k|k is the covariance matrix of the estimate

provided by the filter at the i-th MC run and 6xx
k is the

mean square error matrix of the estimate [25], [26].



• Average normalized estimation error squared (ANEES)
measure defined as [25], [26]

ANEESk =
1

nx M

M∑
i=1

(
(xi

k − x̂i
k)

T(Pi
k|k)
−1(xi

k − x̂i
k)
)
.

The RMSE metric evaluates the estimate error expressed as
the Euclidean distance between the true state and its estimate.
The value of the RMSE provides and absolute evaluation of
the estimate error. The NCI and ANEES metrics, on the other
hand, provide evaluation of a relative estimation error and
moreover they evaluate a self-assessment provided by each
filter in the form of the covariance matrix of the estimate error.

The NCI and ANEES differ in the way they treat large (or
small) estimation errors4.

The NCI is given by a geometric average and hence it is a
balanced measure which is neither pessimistic nor optimistic.
The ANEES , on the other hand, is pessimistic since it is given
by an arithmetic average. However, as opposed to the NCI, it
contains dimension normalization [25].

The RMSE, NCI, and ANEES values are given in Figure 4
for the DIVs of the target and in Figure 5 for the SIVs of
the target. From the figures it follows that when the initial
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Figure 4. Performance measures of the filters for target with the DIVs.

conditions of the filter are close to the true initial values of
the target (the DIVs), the AUKF may take advantage of its
selective behavior and by using only the best σ -point set
(according to the criterion) it achieves better performance
measure values than the cautious RUKF.

When the SIVs of the target are used, the selective behavior
of the AUKF is no more profitable as the prior information
is less precise. This inaccuracy however poses no problem
for the RUKF with its cautious behavior. The conclusion
can be supported by a simulation with a low SNR achieved
by changing 6wk to 6wk = 1.6 × 10−2 I2[km2/min4

] as is

4Note that a metric is said to be pessimistic (or optimistic) if it is dominated
by the large (or small) estimation errors [27].
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Figure 5. Performance measures of the filters for target with the SIVs.

illustrated in Figure 6. While the RMSE values are similar
for the AUKF and the RUKF, the NCI and ANEES indicate
higher estimate quality of the RUKF. As was expected, for a
low SNR the cautious behavior of the RUKF is more suitable
than the selective behavior of the AUKF.
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Figure 6. Performance measures of the filters for target with a low SNR.

The computational costs of a single time step of the
filters given in Table I indicate that the RUKF is slightly
more demanding than the AUKF. The reason for this small
difference is that while the RUKF uses all the σ -point set
for computation of the measurement prediction moments, the
AUKF just analyzes the σ -point sets and for the computation
it utilizes only a single set. The simulations were made using
a computer with Intel(R) Core(TM)2 Quad CPU @ 2.83GHz
processor and 64 bit MATLAB R2012b version.



Table I
COMPUTATIONAL COSTS OF A SINGLE TIME STEP OF THE FILTERS.

AUKF RUKF UKF
time[msec] 7.2 8.6 0.5

VI. CONCLUSION

The paper focused on an analysis and comparison of two
advanced UKF algorithms: the adaptive UKF and the random-
ized UKF. The algorithms differ in construction of σ -point
sets used for approximation of the conditional state moments.
The AUKF select a σ -point set from a group of sets by an
optimization of a criterion. The RUKF, on the other hand, uses
a group of randomly placed σ -point sets and calculates the
results using the average of the σ -points. The results of such
behavior were analyzed and recommendations for application
of the UKF algorithms are provided. The recommendations
illustrated by the numerical example indicate that the RUKF
should be used for low SNR scenarios and the AUKF for high
SNR scenarios.
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